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Abstract. We use a Grassmannian framework to define multi-component tau functions 
as expectation values of certain multi-component Fermi operators satisfying simple bilinear 
^0 \ commutation relations on Clifford algebra. The tau functions contain both positive and 

£H • negative flows and are shown to satisfy the 2n-component KP hierarchy. The hierarchy 

equations can be formulated in terms of pseudo-differential equations for n x n matrix wave 
functions derived in terms of tau functions. These equations are cast in form of Sato- 
Wilson relations. A reduction process leads to the AKNS, two-component Camassa-Holm 
^v^j ■ and Cecotti-Vafa models and the formalism provides simple formulas for their solutions. 

Key words: Clifford algebra; tau-functions; Kac-Moody algebras; loop groups; Camassa- 
, Holm equation; Cecotti-Vafa equations; AKNS hierarchy 
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In memory of Vadim Kuznetsov. One of us (JvdL) first met Vadim at a semi- 
nar on Quantum Groups held at the Korteweg-de Vries Institute in Amsterdam in 
1993. Vadim was then still a post-Doc. Later meetings at several other conferences, 
e.g. in Cambridge, Oberwolfach and Montreal provided better opportunities to learn 
^ 1 Vadim's kind personality and his wonderful sense of humor. Both authors of this pa- 

^ . per have the best recollection of Vadim from meeting at the conference "Classical and 

Quantum Integrable Systems" organized in 1998 in Oberwolfach by Werner Nahm 
and Pierre van Moerbeke. A memory of one pleasant evening spent with him in the 
setting of a beautiful conference center library clearly stands out. Vadim joined us and 
Boris Konopelchenko after a (successful) play of pool game against Boris Dubrovin. 
The library has a wonderful wine cellar and we were all having a good time. Vadim 
was in great mood and filled the conversation with jokes and funny anecdotes. When 
thinking of him, we will always remember in particular that most enjoyable evening. 



1 Introduction 

Tau-functions are the building blocks of integrable models. The Grassmannian techniques have 
been shown in the past to be very effective in theory of tau-functions. In this paper we exploit 

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue "Integrable Systems and Related Topics". 
The full collection is available at |http://www.emis.de/journals/SIGMA/kuznetsov.html| 
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a Grassmannian approach to constructing tau functions in terms of expectation values of cer- 
tain Fermi operators constructed using boson-fermion correspondence. This formalism provides 
a systematic way of constructing multi-component tau functions for multi-dimensional Toda 
models, which, in this paper, embed both positive and negative flows. 

The set of Hirota equations for the tau functions is obtained by taking expectation value of 
both sides of bilinear commutation relation 

A ® An = qa ® a, n = i>? (i) ® 

M 

± (i) 

defined on a Clifford algebra with Fermi operators ip, , satisfying the relations 

for I, k G Z + 1/2, 2, j = 1, . . . , n, A, /x = +, — . 

We rewrite Hirota equations in terms of formal pseudo-differential operators acting on matrix 
wave functions derived from the tau functions. This method gives rise to a general set of Sato- 
Wilson equations. 

Next, we impose a set conditions on the tau function which define a reduction process. Under 
this reduction process the pseudo-differential equations for the wave functions describe flows of 
dressing matrices of the multi-dimensional Toda model. In the case of 2 x 2 matrix wave functions 
these equations embed the AKNS model and the two-component version of the Camassa-Holm 
(CH) model for, respectively, positive and negative flows of the multi-dimensional 2x2 Toda 
model. 

Section 2 is meant as an informal review of semi-infinite wedge space and Clifford algebra. In 
this setup, in Section 3, we formulate the multi-component tau functions as expectation values 
of operators satisfying the bilinear identity. This formalism contains the Toda lattice hierarchy 
as a special case. Section 4 shows how to rewrite the formalism in terms of pseudo-differential 
operators acting an wave function. We arrive in this way in general equations of Sato-Wilson 
type. The objective of the next Section 5 is to introduce a general reduction process leading 
to a multi-dimensional Toda model with positive and negative flows acting on n x n matrix 
wave functions explicitly found in terms of components of the tau functions from Section 3. 
The Grassmannian method provides in this section explicit construction of matrices solving the 
Riemann-Hilbert factorization problem for GL n . 

As shown in Section 6 the model obtained in Section 5 embeds both AKNS and the 2-com- 
ponent Camassa-Holm equations. Further reduction uses an automorphism of order 4 and as 
described in Section 7 reduces flow equations to Cecotti-Vafa equations. In Section 8, we use 
the Virasoro algebra constraint to further reduce the model by imposing homogeneity relations 
on matrices satisfying Cecotti-Vafa equations. 

The particular advantage of our construction is that it leads to solutions of the AKNS and 
the 2-component Camassa-Holm equations and Cecotti-Vafa equations in terms of relatively 
simple correlation functions involving Fermi operators defined according to the Fermi-Bose 
correspondence. These solutions are constructed in Section 9 and 10, respectively. 

2 Semi-infinite wedge space and Clifford algebra 

Following [9], we introduce the semi-infinite wedge space F = A^C 00 as the vector space with 
a basis consisting of all semi-infinite monomials of the form v- Xl A v^ 2 A V\ 3 ■ ■ ■ , with u € 1/2 + Z, 
where ii > \% > \3 > ■ ■ ■ and = \g — 1 for t S> 0. Define the wedging and contracting 
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operators and ip- (j £ Z + 1/2) on F by 
ipf(v h A v\ 2 A ■ ■ ■ ) - 



] if — j = i s for some s, 

[ (-l)X A v i2 ■ ■ ■ A v is A w_j A v is+1 A • • • if i s > -j > i s+1 , 

a \ J° if j /i s for all s, 



(-l) s+1 v k Av i2 A ■ • 'AVi A ••• if j = i s . 

These operators satisfy the following relations (i, j € Z + 1/2, A, /x = +, — ): 

^Vf + ^ = <VA-i> (2-i) 

hence they generate a Clifford algebra, which we denote by CI. 
Introduce the following elements of F (m € Z): 

\ m ) = v„,_i A t> _3 A v rn _s A • • • . 

m 2 m 2 rn 2 

It is clear that F is an irreducible C£-module such that 
^±|0)=0 for j>0. 

Think of the adjoint module F* in the following way, it is the vector space with a basis consisting 
of all semi-infinite monomials of the form ■ ■ ■ A Vi 3 A v\ 2 A v- Xl , where ii < \% < \$ < ■ • • and 
ie + i = \£ + 1 for t S> 0. The operators i/y" and ^ (j 6 Z + 1/2) also act on F* by contracting 
and wedging, but in a different way, viz., 



A v i2 A fijV, 7 



(■ ■ ■ A v i2 A v h )ijj: 



if j / i s for all s, 

_(-l) s+1 --- Av is+1 Av^ A---v i2 Av h if i a = j, 

if — j = i s for some s, 

(-l) s • • • A v is+1 A A u is A • • • v i2 A v h if i s < -) < i s+1 . 



We introduce the element (m\ by (m| = • • • A v, m+ s A v m+ 3 A v rn+ i, such that (0\^ = for 
j < 0. We define the vacuum expectation value by (0|0) = 1, and denote (A) = {0\A\0). 
Note that (ij)f)* = ipT t and that 

\v(h, ... ^ji, .. . ,u)) = ■ --^X • ■ - ^l°>' 

(v(h, . . . ,\ k ,h, ■ ■ ■ ,k)\ = Wi^t^ • ■■ijy;^ • • • VQ, (2.2) 

with ii < 12 < • • • < ifc < and ji < \2 < ■ • • < U < form dual basis of F and F* , i.e., 

(y(ti, . . . ,r m ,si, . . . ,5 q )\V(h, . . . ,i fc ,ji, . . . Jf)) = <y(t 1 ,... ) t m ) ) (ii,... ) tfe)*(*i ) ... ) s g ),(h,-,ii)- ( 2 - 3 ) 

We relabel the basis vectors Vi and with them the corresponding fermionic operators (the wedging 
and contracting operators). This relabeling can be done in many different ways, see e.g. |l(Jj . 
the simplest one is the following (j = 1,2, ... ,n): 

0') _ 

V t — V nt~±{n-2j+l)-> 

and correspondingly: 

~ %t±|(ri-2i+l)- 



4 



H. Aratyn and J. van de Leur 



Notice that with this relabeling we have: 

^ W) |0)=0 for t>0. 

Define partial charges and partial energy by 

charge,,- tpf = charge,- |0) = 0, 

energy,,- ipf® = energy,,- |0) = 0. 

Total charge and energy is defined as the sum of partial charges, respectively the sum of partial 
energy. 

Introduce the fermionic fields (0 / z S C): 



tez+i/2 



±Cj)_-H 
i 



Next, we introduce bosonic fields (1 < i, j < n): 

M( z ) = Y,otf ] z~ k - 1 =: i/> + ®(z)i/>-®(z) :, 



cr 

fcGZ 



where : : stands for the normal ordered product defined in the usual way (A, /i = + or 



'^ AW < (J) if t > 0, 
-< (i V t AW ifi<0. 



One checks (using e.g. the Wick formula) that the operators ai satisfy the commutation 
relations of the affine algebra gl n (C) A with the central charge 1, i.e.: 

and that 

a k^\ m ) = ^ A; > or k = and i < j. 

(i) (ii) 

The operators a) = a) satisfy the canonical commutation relation of the associative oscillator 
algebra, which we denote by a: 

and one has 

c$\m) = for k > 0, (m\af = for k < 0. 
(i) 

Note that is the operator that counts the j-th charge. The j-th energy is counted by the 
operator 

- £ t : ^'V:? : • 

The complete energy is counted by the sum over all j of such operators. In (|8.1|) we will define 
another operator Lq, which will also count the complete energy. In order to express the fermionic 
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fields ip^' (z) in terms of the bosonic fields a^ n \z), we need some additional operators Qi, 
i = 1, 2, . . . , n, on F. These operators are uniquely defined by the following conditions: 

Qi|0> = ^i°|0), Qrtf® = (-1) 5 - +1 V4 ( £^. (2.4) 

2 J 

They satisfy the following commutation relations: 

QiQj = -QjQi if i 7^ j, i a k >Qj] = hjSkoQj- 

We shall use below the following notation 

\h,k 2 , ...,k n ) = Q^Q 1 ? ■ ■ ■ Q*»[0>, (h, k 2 , . . . , k n \ = (0\Q~ k » ■ ■ ■ Q2 k2 Qi kl , 
such that 

(h,k 2 , k n \k\, k 2 , ■ ■ ■ , k n ) = (0|0) = 1. 
One easily checks the following relations: 

and 

Qflh, k 2 , . . . , k n ) = \ kl ,k 2 , ki-uki ± 1, fci+i, ...,k n ), 

(h,k 2 , k n \Qf l = {-) k ^ + -+ k ^(k 1 , k 2 , . . . , Vl, h T 1, fci+i, • • • , Av.1- 

These formula's lead to the following vertex operator expression for (z) . Given any sequence 
s = (si, s 2 , . . .), define 



r2' ) ( S )=exp(^ Sfc a2l), 

Kk=l 



then 

Theorem 1 ([SI E]). 

^(z) =Qfz ±a ° ) exp 



v fc<0 / V fc>0 / 



Q ±i z± ^r«(±[z])r?(T[z- 1 ]), 



z 2 z 3 
2 ' 3 

Note, 

^ / o\ \u. u„ u \ — \u. u~ u \ /h. u„ u irC?) 



TX'(s) \ki, k 2 , ...,kn) = \h, k 2 , . . .,k n ), {h, k 2 ,..., k n \T]l'(s) = (k%,k 2 , . . .,k n \. 
)bserve that (T^)* = and 
r$(s) T (k \s') = j(s, s'fi k T {k \s') vf{s), 



where 



e 



We have 

(s) V +W (z) = 7(a, [z ±1 ])^' fc V +(fc) (z) T { £ (s) , 

(s) v _(fc) (2) = 7 (s, - [z* 1 ]) 6 * ^~ (fe) (^) r£ } (s). 

Note that 



7 (i, [z]) = exp( J2tnz n ) 
\n>l / 
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3 Tau functions as matrix elements and bilinear identities 

Let A be an operator on F such that 

[A®A,n] = o, n = J]^ + ®Cf (3-i) 

Note that if A G GL^ then this A satisfies (|3.ip . So in the ra-component case 

Here Res 2 ^ i = Define the following functions 

^C-'.'fcn" 1 " (*' s ) = fc 2, • • • ,k n \A\m 1 ,m 2 , . . . ,m n ), 

n n 

1= J]r®(t»)^ Jjr^(-^')). (3.2) 

i=i j=i 

Instead of t^ 1 ^™ 2 ' " k '™ n (t, s) we shall write Tq (i, s) for a = (ai, «2, ■ ■ ■ , a n ) and a similar expres- 
sion for (3. We will also use \a\ = a\ + a.2 + • • • + a n , | ct U = a i + a 2 + " ' + |c*|o = an d 
ej = (0, . . . , 0, 1, 0, . . . , 0), a 1 on the j th place. 

If the operator A satisfies (|3.ip . then so does A. Following Okounkov [14] we calculate in two 

ways 

72, 71 71 71 

<ai n r +(* w ) ® (7i n rfcaW)^ ® a) o n r^v^)^ ® n r - (-« ,w )i*> 

i=i fc=i j=i e=i 

=<oin r +(* ( °)®<7inrj5 ( S ( fc ))o(A®A)nr w (-t /(j) )i/3)®nr^(-s /w )i5>- (3.3) 

i=l fc=l j'=l 1=1 



Clearly 



5=1 j=l 

= (-)i^-i^ 7 ([^],^M)rL m) (M)nr^(-t'^)|/3 + em ) 

i=i 

n 

= (_)l/3k-i^m 7([z -i]^/M )r M ( _ f /M + "Q r 0-) ( _^0') ) | /3 + em) 
and in a similar way 

n 

^- {m) (z)HT^(-s' {1) )\5) 
t=\ 

= ( _)|5| m - lz ^ m7( [ z -i] 5 _ s 'M )r M ( _ s 'M _ [z]) Yl r^(-s ,{i) )\8-e m ). 

Also 

n n 

„(">) 



i=i i=i 
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= (-)W«-^- 1 7 (W,t (Tn) )<a-e m |IJrJ ) (t (<) )rf l) (-[2- 1 ]) 

i=l 

= (-)l Q l m - 1 z am - 1 7 (W,t {m) )(a-e m |rf l) (i (m) - [z- 1 ]) ]J rJ } (tW) 

and 

n 

<7in r ? > (« c * ) )^~ (m) w 
fc=i 

= ( _)l7| m - lz -7 m -i 7(s M 5 _ N)(7 + em | r M (s M + [z -i]) "Q r <JV*)). 
Using this we rewrite (|3.3p : 

n 

Res J](-)IWk-iA^ T ([ 2 -VW _ s '( m Vf +em (i (i) ,t'°' ) - <W*D 

m=l 

n 

x r*- em (sW,s' W + = Res ^(-) |a+7l " i - 1 z Qm " 7 " l - 2 7 (M,i M - s M ) 

m=l 

x rf_ e Jt« - M* _ V 00 )^^ + W-^L (3.4) 

For n = 1 this is the Toda lattice hierarchy of Ueno and Takasaki |15j . 

We now rewrite the left-hand side of (|3.4|) to obtain a more familiar form. For this we replace z 
by z _1 and write u, resp. v for t' , resp. s', we thus obtain the following bilinear identity. 

Proposition 1. The tau functions satisfy the following identity: 

n 

Rcs ^(-) l/3+5|m_lz<5m ~ /3m ~ 2 7(N^ Cm) - i) w )Tf +% (< (i) ." w - <W* -1 ]) 

m=l 

n 

x xf-^Cs^,^ + «W* -1 ]) = Res ^(-) |a+7|m - 1 z Qm - 7m - 2 7 ([z],t( m ) - s (m) ) 

m=l 

x rf_ em (t» - M* - ^)^^ + W* - (3.5) 
From the commutation relations (|2.ip one easily deduces the following 
Proposition 2. Let A = +, — , and aj E C, for 1 < j < n. 

n 

(a) T/ie operator A = ^ ajip^^ (z) satisfies (|3.ip , 

n 

(b) Let /j(^) = ^2 fjZ % , for 1 < j < n, then the operator A = ^ Res^ fj(z)ip^^ (z) satis- 

i j=l 

fies $n§ . 

Another way of obtaining solutions is as follows. We sketch the case n = 2 (see e.g. [7]) which 
is related to a two matrix model. Let dfi(x,y) be a measure (in general complex), supported 
either on a finite set of products of curves in the complex x and y planes or, alternatively, on 
a domain in the complex z plane, with identifications x = z, y = z. Then, for each 1 < j, k < n 
and A, v = +, — the operator A = e B with 

B= I \p x ^(x)^ u( - k) (y)dfi(x,y) 
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satisfy (|3.ip . If one chooses j = 1, k = 2 and A = +, v = — and defines for the above A 
T^ a2 - N (t,u) = ( ai ,a 2 \T^\tW)T { p 

then these tau- functions satisfy (13.51) . 

4 Wave functions and pseudo-differential equations 

We will now rewrite the equations (|3.5p in another form. Note that for 

\P- a \ = \5-ry\=j for fixed jGZ (4.1) 

these are the equations of the 2n-component KP hierarchy, see [9]. One obtains equation (66) 
of [9] if one chooses t( m+n ) = U M, s^ m+n ^ = i)H and r£(t) = (i)H 2 T(a ,-/?)(*), where 

T {a,~l3)(t) = T(a 1 ,a 2 ,...,a n -p 1 ,-l32,...-f3 n )(t) 

are the 2n-component KP tau- functions, viz for (a, —0) = p and (7, —5) = a they satisfy the 
2n-component KP equations: 

2n 

Res Y^(-) lp+alm - 1 z pm ~ am ~ 2 l([^t (m) - sW)r p - em (t® - S^z' 1 }) 



m=l 



XT„ +£m (^+4 m [^])=0. 

In [9] one showed that one can rewrite these equations to get 2n x 2n matrix wave functions. 
Here we want to obtain two n x n matrix wave functions. We assume from now on that (|4.ip 
holds for j = 0. Denote (s = 0, 1): 

P^ s \a,P,t,u,±z) = (P ±( 'V.A*,«,±*)«)i<M<n, 



P \a,P,t,u,±z)kt = z , 

P ±(s) (a,/3,±z) = diag(P ±(s) (a,/3,±z)f), 
iF^foftiz)* = (-)l Q l^-iz ± ^, 
P±W(a,A±^ = (-)l^- 1 ^, 

Q ± (t,±z)=diag( 7 (N,±t {1) ),7(N,±i (2) ),---,7(N,±i (n) ))- (4.2) 

r> 1 j.( a ) ( a ) ( a ) ( a ) u A a ) 1 ( a ) 1 ( a ) 1 ( a ) 1 1 1 r ,1 1 

Replace t\ , s\ , u\ , v{ by t\ + xq, s{ + yo, u\ + x\, v[ + yi then some of the above 
functions also depend on xo and x\ we will add these variables to these functions and write e.g. 
P ±( ^°\a,P,x,t,u,±z) for P ± W(a, /?, t\ j) + 8 a xo, u, ±z). Introduce for k = 0,1 the following 
differential symbols dk = d/dxk d'k = d/dyk- Introduce the wave functions, here x is short 
hand notation for x = (xq, x\) 

f ±(0) (a, 0, x, t, u, z) = P ± (°) (a, p, x, t, u, ±z)i? ±(0) (a, p, ±z)Q ± (t, ±z)e ±x ° z 
= P±(°) (a, P, x, t, u, do)R ±{ V (a, p, d )Q ± (t, d )e ±x ° z , 
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* ±(1) (a, 0, x, t, u, z) = P ±(1) (a, 0, x, t, u, ±z)R ±{1) (a, p, ±z)Q ± (u, ±z)e ±XlZ 

= P ±(1) (a, p, x, t, u, d x )P ±(1) (a, p, di)Q ± (u, d{)e ±XlZ . (4.3) 



Then ([33]) leads to 

Res $ +{0) (q, /9, x, t, u, z)^~ (0) (7, <5, y, s, v, z) T 

z 

= Res^ +w (a,P,x,t,u,z)^~ {1) h,5,y,s,v,z) T . (4.4) 

z 

One can also deduce the following 6 equations, for a proof see the appendix A: 

P+W(a, /?, x , t, «, do)^ 1 = P~ {0) («, A so, Vi, *, v, $,)*, (4.5) 

(n n s. * 

a+^2e i ,P+Y / ^x ,x 1 ,t,u,d 1 ) Sid!), (4.6) 
i=l i=l ' 

aP + (°)(a,^,a;o,xi,t,n,9o) 

= _(p+(o) ( ttj ^ ^ t> Uj do)E aa 4P + (°\a, P, x , x u t, u, So)" 1 )- 

x P + (°)(a,/3,rE ,xi,t,n,9o), (4.7) 

x P +(1) (a,/3,rr,t,M,5i). (4.8) 



And 



ap+(0)(a, j g,x,t, M ,^) :; _ ? -_ 1 

Q (a) 
i=l 9M i 

= P+« (a, P, x, t, u, z)E aa d^p-^ (a, p, x, t, u, -z) T P + ^ (a, P, x, t, u,d Q ), (4.9) 



E °« + ~laj Z ' j ) 0' X ' *' U ' ^ )) = P+(0) /3 ' X > *' U ' ^)^-5(9i)" 1 

/ n n \ 

XP" (0) a + ^ ei ,/3 + ^ei,x,s,t;,-z S(di)P +(1) (a, /3, s, t, u, ft), (4.10) 



\ 8=1 t=l / 

where 

rt 

5(5) = £(-y +1 2&a. 

1=1 

Recall that (P(x)9 fc )* = (-<9) fc • P(x) T . 

5 First reduction and the generalized AKNS model 

Assume from now on that our tau functions satisfy 



T a -Y J e = (~) i=1 CT «' where O^cGC. 
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This holds e.g. when 

QiQ2---Q n A = cAQ l Q 2 ---Q n . (5.1) 
Substituting this in (|4.2p . gives 



P±W a-^e^-^^^.^U ^(_)^ fcfc p±W ( a , /J, *, U( ]T(-) fc £ fcfc . (5.2) 



\ J J / fe=l fc=l 

Now from the second equation of ()A.3|) and (|4.7|) we deduce that 
^ dP +w {a,P,x ,xi,t : u,d ) 
i=i 

Hence this implies that 

[d ,P + W(a,P,x o ,x 1 ,t,u,d )] = 0. (5.4) 
In a similar way we deduce from (|A.6j) and (14. 8ft that 

E (9P +(1) (a,/?,:Eo,xi,t,?x,di) _ , . 

i= i dv>{' 

Hence also 

[d 1 ,P+( 1 \a,P,x ,x 1 ,t,u,d 1 )] = 0. (5.6) 
Remark. Note that the above does not imply that both 

[<9i,P +(0) (a,/3, x ,x 1 ,t,u,d )} = and [do, P +(1) (a, f3, x , x 1} t, u, di)] = 0. 

Next, using this reduction and (|A.4p then (|A.9p turns into 

&P+W(a,/3,M,u,<9i) 
<9x 

= (p-^ (a, /?, t, u)^" 1 - d^P^ (a, [5, x, t, u)) diP+( 1} (a, /?, x, t, u, ft ) 

,, + i^P 1 +(0) (a,/3,a;,t,u) „ n -j 

= y i \-y i r-2 P +( >(a,P,x,t,u,d 1 )d 1 J . (5.7) 

,-=i 5x i 

Now, use (|4.6p to see that (|A.12|) turns into 

dP+(°)(a,/?,x,t,?/,do) 
dxi 

= P x +{1) (a, /3, x, t, ujd^P^ (a, /3, x, t, u, )~ 1 P+(°) (fa, k 2 ,x, t, u, do). (5.8) 
Taking the coefficient of d^ 1 of this equation we thus get 

dPf (0 \a,p,x,t,u) _ 
dxi 

and hence (15.71) turns into 



dP^ja^x^d,) = p+(1) x 
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In particular 

Substituting this in (|5.8p we obtain 



dP +{0 \a,p,x,t,u,d ) +{Q) . . j_ 



9xi * • (5.9) 



Note first that from (|5.9p one deduces that 

5P + (°)(a, / 9,x,t,u,Sb)~ 1 
<9xi 

= -P+W (a, /?, x, t, u, dor i dP +{0) (aP, X ,t,u,d ) p+{0) , , 

OX\ 

= -P +(0) (a, p, x, t, u, 5 )~ 1 P +(0) (a, /?, x, t, it, 9 )a o " 1 P +(0) (a, /?, x, t, «, So)" 1 
= -P + W(a,/3,x,t,n,5 )- 1 9 - 1 . 

Clearly also 

ai >+ W(a, / 9,x,t > u,di)- 1 
dx 

Using (|4.5p we rewrite t|A.8ft : 



-P +(1) (a,/3,x,< J ti J 8!i)" 1 af 1 . 



x 9f 1 P+(° ) (a, /3, x, t, u, z)~ 1 5iP +(1) (a, /?, x, t, u, di ) 
= Res P + ( 0) (a,P,x,t,u,z)z j - 1 E aa 

z 

x g. H< a-P+<°> (a, ft,, t, u. z)- 0xt ^ gi) 
i=0 1 

= Res P +(0) (a, /?, x, t, u, z)E aa 

z 

oo 

x P+(°) (a, /?, x, t, u, z)" 1 aM-ip+M ( a , /3, x, t, u, d x )d{ i 

i=0 

j 

= Res V ^'- i - 1 P +(0) (a, /3, x, t, u, z)P aa 

i=0 

x P + ^\a,P,x,t,u,z)- 1 P +i - 1) {a,p,x,t,u,d 1 )d^ i . (5.10) 

N.B. This summation starts with 0. 
In particular 

tts + = P +l > {a,p,x,t,u,di)d 1 J . 5.11 

In a similar way we deduce, using (|4.6p . from (jA.lOP : 

ap+(°>(a,/w, M ,ft) = Res £ ^_ lp+(1) m 

,\ a ) z » 



Sir. 



i=l 
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x P +{1) (a, P,x,t,u, z)" 1 P +(0) (a, /3,x,t,u,d )dQ i . (5.12) 

N.B. This summation starts with 1. 
In particular 

£ dP+m '■ B ° ] = P V. ft *■ t, «, Bo) V. (5.13) 



fc=l 



<9u 



(AO 

'J 



We will now combine (|4.7p . (|4.8p . (|5.3p - (|5.6p and (|5.10p - (|5.13p . For this purpose we replace 8q 
by the loop variable z and d\ by the loop variable We write 

P (0) (a, /?, t, u, z) = P +(0) (a, /?, Xo, x±, t, u, z) and 

P {1) (a,(3,x,t,u,z) = z~ 1 P + ^(a,P,x ,xi,t,u,z~ 1 ) (5.14) 

and thus obtain for fixed a and /? (P^\x, t, u, z) = P^>'(a, /3, x, t, u,z)): 

dPW(x,t,u, z) „rri\, \ i 

0, dxi =P®{x,t,u,z)z- 1 , 

P l >{x,t,u,z)z, — = 0, 

-(P(°) (x, i, u, z)E aa P® (x, t, u, z)~ V)_pW (x, t, u, z), 
dPW(z t u,z) = (P (i) ( t ^ M pa)( X|t>u>z )-i z -i)_p(0)( x t,,,^), 
OpW(M,n,z) = (p (o) ( ^ )V)£fla p(o )(M)lliZ) -i 2i)+ p(i) (MiU)Z)] 

- -(pW(x,t,n,z) J E aa P«(x,t,n,z)~ 1 ^') + P«(x,t,n,z). (5.15) 
Which are the generalized AKNS equations (2.5)-(2.10) of [1]. Write 

oo oo 

P {0) (x,t,u,z) = I + ^TP i (x,t,u)z- i , P {1) (x,t,u,z) = ^TMi(x,t 



dP(°\x,t, 


u, 


z) 


dx 






<9pW(x,i, 


u, 


z) 


dx 








u, 


z) 


dtf 






dPW(x,t, 


u, 


z) 


duf 






dP^(x,t, 


u, 


z) 


dtf 






dP( l \x,t, 


u, 


z) 



UjZ 

i=l i=0 



and from now on in this section 

9 R 9 

On = 7T7, a. 



3 dtf 3 du?' 

We thus obtain the following equations: 

djP x = [P^EjjjPt + [E jv P 2 ], 8-jPx = MoEjjMq 1 , 
djM = \PuEjj\Mo, djM x = EjjM + [P^Ej^M^ 

8-jMo = MolEjj, Af _1 Mi], d-jMx = M [E jh Mq 1 M 2 }. (5.16) 
From this one easily deduces the following equations for Mq: 
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d-iiMoEjjMu 1 ) = d^iMoEuM^ 1 ), 
di{M^E j3 M Q ) = djiM^EuMo). 

Note that if we define P\ = M^Mj, then from (|5.16p we get: 

Bj-Pl = [Pi.^JPi + [E jj} P 2 ], d.jPx = MoEjjMv 1 , djPi = M^EjjMo, 

djPi = [PuEjjjPi + [Ejj, P 2 ], djMo = [P^Ej^Mo, d-jMo = M [E jjt Pi}. (5.17) 

Note that for xq = x\ = we have 



(M (a,f3,t,u)) M 
(M 2 (a,p,t,u)) k i 

(Pi(a,f3,t,u)) M = < 



Ta{t,u) 



(Mi (a, 0, 



Ta(t,u) 



( \\e*,\t.--\ 'a+efc-Q 
Ta{t,U 

d e (r£(t,u)) 



(t,u) 



Ta(t,U) 



if k^l, 
k = £, 



(P 2 (a,P,t,u)) k i = < 



-H 



Ta(t, u) 



if k^£, 



if k 



(5.18) 



6 AKNS and the two-component Camassa— Holm model 



We still assume that A satisfies (|5.ip . hence that we have the reduction of the previous section. 
We consider the case n = 2 and define 



,(1) ,(2) 



4 1} +4 2) 



s = 2u 



l i 



s = 2u^ +2uf\ 



(6.1) 



then 



Now Let E = En — P22 an d define 

'e yz 



e-w 



then (|5.15p turns into: 



dy 
dip{z) 



(zE + [Pi,E])iP(z) 



z /0 g 
-z \r 



Z —M G EM^^{z) = z- 1 (A B\ ^ 



i;(z) 
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where 



q = 

D 



"2(Pl)l2 

-1 



2 det M 
Now (I5.16P turns into: 
9Pi 



r = 2(Pi) 2 i, A 
(Mo)ii(M )i2, C 



1 



4detM 
1 



((M )n(M ) 22 + (M ) 12 (M ) 2 i), 



2 det M ( 



o 



(M ) 22 (M ) 21 . 



<9y 
dM 



[P 1 ,E]P 1 + [E,P 2 
~- [Pi,E]M - 



q 
r 



Pi + [E,P 2 ], -^± = -M EMq 1 



r o) M °' ^ = ™o + [i 5 i,S]Mi = £M 



A 5 

C -A 

g 

r 



Mi 



^Mo^Mo^Mr], ^ = jMo^M^M,]. 



(6.2) 



We will now describe transition from the matrix equations (|6.2p to the 2-component Camassa- 
Holm (CH) model. The matrix P\ is parametrized by q = — 2(Pi)i 2 , r = — 2(Pi) 2 i and 
Tr (P±E) = — (lnTQ)y, where r and q are variables of the AKNS model and Tq is its tau function. 
Furthermore, A 2 + BC = 1/16. Calculating Tr ((Pi) y E) using the first equation of (|6.2I) we get 

rq = -(lnr °) ra . (6.3) 
Next, from the second equation of (|6.2p we find 

g s = -25, r s = 2C (6.4) 
and by taking Tr ((Pi) s E): 



A 



(6.5) 



By comparing eqs. ()6.3[) and ()6.5[) we deduce that A,, = (rq) s /2. 
From the third equation of (|6.2p we derive: 



(P^sy = - (M EMu 1 ) i 



Ay By 



-A 



or in components: 



and 



B„ 



sy 



-2qA, 



Cy — 2?" A j 



A,, 



g 
r 



2 (^ nr o)sra 



A 5 
C -A 



qC-rB 



(6.6) 



4rA, g sy = 4gA. 



In view of the fact that the determinant of the matrix (MqEMq 1 )/4 is equal to the constant, 
— 1/16, we choose to parametrize this matrix in terms of two parameters, A and /, which enter 
expressions for B and C as follows: 



C 



Recalling equation (16. 4p we easily find 



r s e f - q s e~ f = 2(Ce f + Be~ f ) = -1, 



r s e f + q s e~ f = 2{Ce f - Be~ f ) = -4A. (6.7) 
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Using the first two identities of equation (|6.6p and the fact that 
C y e f = f y (A+^j-A y , B y e-f = f y (a - ^ + A y 
we derive expressions for re? ± qe~f as follows: 

ref ~ qe ~ f = % f + If e-/ = ja ( f * { A + \)~ A y + f y { A ~\) + Ay ) = fy (6 ' 8) 

and 

Taking a derivative of relation re-^ — qe~f = f y with respect to variable s we find, in view 
of ([577jl . that: 

/j, 8 = r s e^ - <? s e _/ + / s (re / + <?e _/ ) = -1 + / s (re / + ge _/ ) 

or 

re f + qe~ S = 2g, (6.10) 

where we defined: 
1 
2fs 



9 = —( l + fsy)- (6-H) 



Comparing two expressions (|6,9p and (|6.10p for the quantity re? + qe $ we find the following 
relation 



2gA = & - Ay . (6.12) 

By adding and subtracting f|6. 10|) and (|6.8p we get 

2re f = 2g + f y , 2qe~ f = 2g - f y 

or 

q = e f(g-&), r = e-f(g+ f -± 
Plugging these expressions into the second relation in eq. (|6.7|) yields: 

fsy < 



AA = r s ef + q s e~f = (-f s r + e~* (g a + ) V + (f s q + e f (g. 



s 2 



e 



= -/«(re' - qe~f) + 2 5s = -f s f y + 2 ffs . 

Thus, 



A= \v.f, -^^(/J.-^) J. (6.3) 



Plugging definition (|6.1ip of g into relation (|6.12p leads to: 



A — -^fsfy fsA y Af sy — -fsfy {fsA) y . 
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Inserting on the left hand side of the above identity the value of A from equation f|6. 13j) and 
multiplying by —4 yields 



7f) +4{fsA)v= (~7T + 4M ) 



fss_ ,2 «• _ f ( 1 + /ay A ] — I f2f _ f i fssfsy 
j ~T~JsJy Js\^ j J J — yJsJy Jssy-r j. 



where we again used value of A from equation (|6.13j) . Note that equation (|6.14p is written solely 
in terms of /. For a quantity u defined as: 

" ./:./„ fssy ■ tjf 1 {><■ (6.15) 
with k being an integration constant, it holds from relation (|6.14p that 

|) • (6-16) 

Is J s 

Let us now denote the product flfy by m. Then from relations (|6.15p and (|6.16p we derive 

p2 f _ c fssfsy , 1 £ ( j. ( 1 \ \ , 1 j- . \ ,1 



™ = fsfy = u + fssy ^ + -« = U-f s yf a — J J +~K = U-f s (f s U y )y + -K. 

Taking a derivative of m = flfy with respect to s yields 

m s = 2f y f s f ss + f^f sy = 2m^j- + f^f sy =-2mf s (^jj +fgfsy = -2mf s u y + / s 2 f sy . (6.17) 

In terms of the basic quantities u and p = f s of the two-component Camassa-Holm model 
equations (16.16P and (16.17P take the following form 

Ps = ~p 2 Uy, (6.18) 

m s = —2mpu y + p 2 p y (6.19) 

for 

m = u — p(pu y )y + -k. (6.20) 

Performing an inverse reciprocal transformation (y, s) i— > (x, t) defined by relations: 

F x = pF y , F t = F s - puFy 

for an arbitrary function F, we find that equations (|6.18p . (|6.19p and (|6.20p become 

pt = -(up) x , (6.21) 
rrit = —2mu x — m x u + pp x , (6.22) 

m = u — u xx + —ft (6.23) 

in terms of the (x, t) variables. Equations (|6.21|) - (|6.23|) were introduced by Liu and Zhang in 
and are called the two-component Camassa-Holm equations (see also [4]). 
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The relation (|6,14p is equivalent to the following condition 

fss r f t\f f _ f ss VV I fssyfsy fssfsyy _ fssf S y _ „ 

2/ 3+ J*vh+ 2 JsJyV 2fg + 2/ 2 + 2/ 2 2/ 3 U > 

which first appeared in [3]. 

Comparing equations f)6. 13j) and (|6.15p we find that 

<if s A = u H — k + = u — u x H — k 
Js 2 f s 2 



where 



2r, V V 2q s \ A J 2 (A - \) 2{A + \) 
or 

4/ s ,4 = -2/ s (lnr X = -2(lnr ) sx . 
These relations give u, f s in terms of the AKNS quantities r, q, Tq. 

7 A second reduction and the Cecotti— Vafa equations 

In order to obtain the Cecotti- Vafa equations we define an automorphism of order 4 on the 
Clifford algebra by 

= (-)*+§i^(i) 
then = i^\-z) and 



For the derivation of the last equation see [TT]. Next, let 

lo(\0)) = |0), and w((0|) = (0|, 

then this induces also an automorphism on the representation spaces F and F* . It is straight- 
forward to check that 

„ „ , E ll^KKI-i) E M x 
w(|a» = P=* | - a), 

77. 71 

E H^KKI+i) E |a rf | 
co((a\) = (~y =1 i^ 1 (-a\. 

Since 

one easily deduces that from (|2.2I) and (|2.3p that 

<W«V(ti, . . . ,Vm,8i, ■ ■ ■ ,5q)\)\uj(\V(h, . . . ,i fe , ji, . . . , fc)))) 

= (V(ti, . . . ,r m ,5i, . . . ,a ff )|V(ii, . . . .. (7.1) 
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Assume for the second reduction that our A, which commutes with f2, also satisfies 

u{A) = A, (7.2) 
then one deduces from (|7.ip that 

On the other hand if we use the definition (13.21) for the tau-functions one deduces 



/ 1 71 

f , E II^KK-l+^+^lftldftl- 1 ) E M+I&l R ,.s 

^(rf(tW,nW)) = (-)^ rI f(_(_ r 4) ) _ ( _ ) ^) ) . 

From now on lets write tm = — (— ) m tm , then combining the above two equations, one has 
when ([7T2]t holds: 

77. 71 

E 1 1 «i I CI «i I 1 I (Ift l-i) E M+lftl fl „ 
rf(t,n) = (-)^ rl£(t,u). 

In particular 

T ° (t, «) = T ° (t, fi) , T° _ £ , (t, U) = -T° _ €k (t, U) , T% (t, U )= T^* (t, fi) . 

Now substituting this in (|4.3|) for a = (3 = we obtain that 

V> +{0) (0, 0, x, t, u, z) = t/T (0) (0, 0, x, t, u, -z), 
if) +{1) {0,0,x,t,u,z) = -^W(0,0,s,f,{t,-2;). 

Assume from now on that A satisfies (|5.ip and (|7.2|) . viz. i/iai 6oi/i reductions hold, then 
from (H3J, (UH), ([52]) we deduce that 

P +(0) (0, 0, x, t, u, z)" 1 = P +{0) (0, 0, x, t, u, -z) T , 

P + M(0,0,x l t > u ) z) -1 = -P +(1) (0,0,x,tJ,u,-z) t ,z 2 , 

then using the definition (|5.14p one finally obtains 

P (o) (0,0,s,t,u,^) _1 = P (0) (0,0,2:,t,n, -z) T , 
pWfO.O,^^^)- 1 = P (1) (0,0,x,t,n,-z) T . 
(7) (7) 

Now putting all t^ = = 0, this gives the following equations for Pi, Mq, Mi and P\\ 

Pf = Pi, M T = M " 1 , Mi = MqM\Mq, if = Pi. (7.3) 
Now denote 

P\ = (Pij)l<i,j<n, Mq = (mij)i<ij< n P\ = {Pij)l<i,j<n, 

then the equations (|7.3|) and (|5.17|) give the following system of Cecotti-Vafa equations (see 

e.g. mmmy- 

Pij = fiji, Pij = Pji, djPik = PijPjk, d—jfiik = PijPjk, hj>k distinct, 

n n n n 

^2 d j&k = d i@ ik = d -i&k = ^2 d -i&k = 0, i± k, 
j=i j=i j=i j=i 

d-jPi k = mijm kj , dj(5 ik = mjim jk i ^ k, 

n n 

dj m ik = ^ d-i m ik = °> djm ik = Pijrrijk, d-jm ik = mij(3 jk . (7.4) 
i=i i=i 



Clifford Algebra Derivations of Tau- Functions 



19 



8 Homogeneity 

Sometimes one wants to obtain solutions of the Cecotti-Vafa equations that satisfy certain 
homogeneity condition (see e.g. [5]). For this we introduce the Lq element of a Virasoro algebra. 
The most natural definition in our construction of the Clifford algebra is the one given in terms 
of the oscillator algebra. 

n 1 oo 

^o = E^«? ) ) 2 +E«-14 i) - (8.i) 
j=i fc=i 

It is straightforward to check that 
[L ,a®] = -ka® 



and 

(P\L = lj2\P j \ 2 ((3\, £o|/?) = ^X> 



n -, n 

j=i j=i 



Moreover, one also has 

[L ,^] =-^t W - 

Assume from now on that our operator A that commutes with f2 is homogeneous of degree p 
with respect to Lq, i.e., 

[L ,A] = P A. 

We then calculate 

n n 

(a\L A\(3) = (a\L ]]rf(t^)Allr W (-uW)\P}. 

3=1 k=l 

It is straightforward to see that this is equal to 
1 n 

-]TKI 2 H£oi|/?>. 

3=1 

On the other hand using 

oo oo 

o 



and 



k=l k=l ol k 



oo „ 
O 



k=t du 

we also have: 



= [p + - E I/?/ + E E ku k^Jjj - W-j^ (a\A\ 
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Now let 
then 

/ i n \ 

\aj\ 2 }T^{t,u), 



(?) 9 h ,Xi) 9 
k o (i) k _ m ' 



/ n 

V i=i 



in particular 

£r °(t, u) = pr °(t, u), £r° _ e ,(t, u) = (p - l)r° _ e< (t, it), Sr? h (t, u) = pr%(t, u). 
Assume now that we also have imposed the first and second reduction, then one has 

SPi = -Pi, £P = 0, EM X = Mi 
and thus also 

£P 1 =P 1 . 

(i) (i) ~ 
Putting all tm = Um = for all m > 1 and all 1 < j < n one has that the /3«, my and Pij not 

only satisfy (|7.4p . but also 

n n 

- u J d-j)Pij = -P^, ^2(t J dj - u j d-j)mij = 0, 
j=i 3=1 

n 

Y^ilU), U J i) i ir (8.2) 

3=1 

for t j = t[ j) and v? = u[ j) . 

Note that in Section 10 we will construct explicit solutions of (|7.4p . These solutions are 
however not homogeneous, so they do not satisfy (|8.2p . We will construct such solutions in 
a forthcoming publication. 

9 Explicit construction of solutions in the AKNS case 

We will construct an operator A that satisfies (|3.1|) and (|5.1|) in the Camassa-Holm case, i.e., 
the case that n = 2. Now using Proposition [21 we see that the element 

Ak = (a;v i(1) (^i) + 4 2 V Ai(2) (^i))(4 1 V A2{1) (^) + 4V 2(2) (^ 2 )) • . . 
•■•(4V fc(1) (^)+4V fe( % fe )), 



satisfies condition (|3.ip . Using (|2.4p and the definition of the fermionic fields, we see that 



QiQ 2 A k = z^z* 2 ■■■z* k A k Q 1 Q 



2- 





Thus A k also satisfies (|5.ip . Since we want Tq 7^ 0, we take A2k and will assume that 
Ai = A2 = • • • = Afc = + and A^+i = = • • • = Mk = —■ 
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We now want to calculate Tg._ 6 . and , for 1 < i,j < 2 in order to get some solutions related 

o. 



to the Camassa-Holm equation. Let us start with Tq : 

2 2 

T° (t,u) = (oinrf (t«)A 2fc nr w (-u( J ))|o) 
i=l j=l 

x; <W 2) • • • 4 2fe) (oi n r + (* (0 ) w +Wa) (*>) • • • 

2 

• • • ^ +( ' fc) (z^~ (4+1 Wi) • • • i>- {hk \z2k) J] r^(-u^)|o) 

= 7 (tw,-«w) 7 (t« ) -««) x n^rv^, w) 

x 7 (-i(4 +i ), [ 2fe+i ]) 7 ( u (^), [ z -i]) 7 (_ u (4 +I ) 5 

x (0|^ + ^)(zi)^ a )(z2) V +(4) (^- (4+1 Wi) ' • -^- fe) (^)|0). 
So we have to calculate explicitly: 



(oiv+^i)^ 2 ^) • • • V +(4) (^)^- (4 ' +l) (^+i) • • • W)|o) 

n ( 

l<i<j<k 



PI (2i-2j) < '"''(2t+i-2t+i) S '' + "''« 



l<i,j<fc 

where 

^i,^2, • • • M = WQeiQh ■ ■ ■ QikQJw ■ ■ ■ Qi 2 l\°)- 

Note that the above expression takes only values —1, or 1. Thus 

E oih^...,^) 1 -^ -5— 

i 1+ ...i k =i k+1+ -i 2k n (zi-zk+j) 

l<i,j<k 

k 

x U a ? i)a ¥li k)r r( t{ei) ' Mh(-t (4+l) , Mh(u {ti) , [z^H-u^, [zj&\). 

i=l 

Now t®._ € . for i 7^ j has the same expression, except that we have to take the summation over 

j + h + h + ■ ■ ■ + 4 = i + 4+1 + 4+2 + • • • + hk 
and replace the a by 

(-ya(j,h,h,...,l 2k ,i). 

For tJI, where i can be equal to j, we find 

r e 4{t,u) = (-)i-% 7 (f( 1 ),- w ( 1 )) 7 (f( 2 ),-J 2 )) Yl a(j,h,£ 2 ,...,£ 2k ,i) 

j+£i+-e k =i+£k+i+-i2k 
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x z l z 2 " ' z k Z k+l " ' Z 2k 



n (zi-z k+j y^ 

l<i,j<k 



x fla^^rt™, [zi]H-t^\ [z k+i ]Hu^\ [zT^-u^, [z~ k l]). 



(i) (i) 

We now give the simplest of such expressions. We take k = 1 and put all tj = it) = for 
j > 2, then 

r °(t,n) = (Tn(t,«) + r 22 (t,«)) > r e c ! (*,«) = (-) i+1 T(i,«)T i ,(t,«) ) 

Zl — Z 2 

r e e / (t, it) = z^ X T{t, u)Tij(t, u), for i ^ j, 

where 

T(t u) = e 1 1 1 1 2 1 2 2 , 
Tij(t,u) = T ij (t,u,z 1 ,z 2 ) 

= aWaJV^a^VM *?^ (9.1) 

In order to determine Mo, Mi and Pi, see (15. 18j) . we also calculate 
a,-r °(t,«) = -«S , ' ) ^^-(Tii(t,«) +r 22 (t,u)) + T(t,u)T j:j (t,u), 

Zl — Z 2 

d-jTt>(t,u) = -(z 2 1 t[ j) + z 2 2 )T(t,u)T ij (t,u), for i ^ j, 

S-ir«(t,«) = -4^^i^-(Y^ 1 Vii(t,«) + (-) 2 V 22 (t,n)') - z 2 2 T(t,u)T u (t,u). 

z l — z 2 \ \ z 2 J \ z 2 J J 
U\ u\ 

Now make the change of variables (|6.ip and choose t 2 = u 2 = 0- One thus obtains 

tP=V + V, t?=y-y, uU=l+l, 4 2) =^ 0.2) 

and 

T(y,s) = e~^ +y ^ s+sS) ~^~ v ^ s ~ s \ 

T ij {y,s 1 z 1 ,z 2 )=T ij {y,s) = afafe^-^^ (9.3) 
Note that in the calculation of Mo, Mi and Pi, see (|5.18p . T(y,s) drops out. Thus 

M = (si ■ + - l ) T n(y^ s ) \ 



{zxz 2 -l){z 2 +y- (-) 3 y)Tij(y,sy 



Mi= MS-(-) J !/) + 

Tn(y,s) + T 22 (y,s 



Pi = / 5 s-(-ys _ (zx -Z2)T ij {y,s) 



4 T 11 (y,s)+T 22 (y,s)J 1 < ij < 2 
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One has detMo = z\/z 2 an d Mo, Mi and Pi satisfy (|6.2p . The above solutions should in 
principle be closely related to the ones obtained in [5] using vertex method. Finally, we give the 
Camassa-Holm function / for this case: 



+2y Zl 



.(2). (2). 



f(y, s) = log aia ^ ie l ' + 1V 26 



(z 2 — ^ija 1 a 2 



We give expression for tau functions for k = 2. Again we set tj = Uj = for i,j > 2 and 
use T(t,u) and Tij(t,u, z^, z{) with i,j = 1,2, (A;,^) = (1,3), (k,£) = (2,4). For brevity we will 
denote 



T = T(t,u), 



Tij(t,u,z k ,Zi). 



Then, the Tq function is given by 



(zi - z 2 )(z 3 - 2 4 ) 



/Vpl, 3/^2,4 - rpL^rriZ^\ 

y 1 !! 1 11 1 1 22 A 22 ) 



(Zl ~ Z 3 )(z 2 ~ Z 3 )(z 1 - Z 4 )(z 2 ~ Zi) 



(zi - z 3 )(z 2 - 24) 



(z 1 - Zi)(z 2 - z 3 ) 



{Tli T 1 ^ + T 2 \ 3 T^) 



In the following formulas for remaining tau functions we choose indices i,j = 1, 2 so that i 7^ j. 
Then 



(-l) i+1 T 



(zi - z 2 ) 



rpl,3rp2,4 



(z± - z 2 ) 



( Zl -z 3 )(z 2 -z 3 ) M » ( Zl - Zi) ( Z2 - ZA ) V 



j,1,3j,2,4 



(«3 - 24) 



j,1,3j,2,4 



23 - 2 4 J 



j,1,3j,2,4 



-T 



(z 2 - 2; 3 )(z 2 - Z4) y JJ (21-23)^1-^4) JJ 4J 
21(23 - 24) ^1,3^2,4 2 2 (23 - Z A ) 



j.1,3^2,4 

2324(21 -z 3 )(z 1 -24) u ji 



+ 

T 



(21 - 2 2 ) 



_rpl,3rp2,4 
23(21 - 24) (22 - 2 4 ) ^ jj 



2324(22 - z 3 )(z 2 - 2 4 ) 3 

(21 - 22) 



rpl,3rp2,4 



jil,3j,2,4 



24(21 - 2 3 )(2 2 - 2 3 ) 33 3 



(21 - z 2 )(z 3 - 2 4 ) 



+ 



(21 - 2 3 ) (21 - 2 4 ) (22 - 2 3 ) (22 - 2 4 ) V2324 

1 ( £l jil, 3^2,4 , £2 j,l,3 j,2,4 

(2l- 2 3 )(22 - 2 4 )V23 * 2 4 

1 ( £l 3^2,4 £2^,1,3^,2,4 

(2l- 2 4 )(22 - 2 3 )V24 * J " 2 3 Ji * J 



2l22 „l,3„2,4 j,1,3j,2,4 

a a jj jj 



If we make the change of variables (|9.2p then the formula's (|9.ip change into (|9.3p and the same 
formula's hold for the tau functions. 

Another way to construct solutions is as follows. We take an arbitrary element of the loop 
algebra of sl 2 (C). Such an element is given by 

g = Resa(2)(^ + W(2)V- (1) (2) - V +(2) (2)V" (2) (2)) + b{z)^ +{1) {z)^ (2) 

z 

+ c(2)V +(2) (2)^~ (2) (2), 



where a(z), b(z) and c(z) are arbitrary functions. Then the element A = e 9 commutes with the 
action of Vt and satisfies (|5.ip . Hence the corresponding tau- functions will satisfy the equations 
of the AKNS hierarchy. 
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10 Explicit construction of solutions in the Cecotti— Vafa case 

We will construct an operator A that satisfies (|5.ip and (|7.2p . We generalize the construc- 

tion of the previous section. Using Proposition [21 we see that the element 

A k = (jr 4 J V 0i) ^)) ( E ^r^i-zi)) (it 4 J2 V° 2) (^)) 

\ji=i / Vii=i / \ii=i / 

x (j2 a? 2 V-° 2) (-^ 2 )) ••• ( E a^V +(ifc) (^)) ( E aJV Wfc) (-*iA 

satisfies condition Moreover, if we assume that 

n 

^(aP) 2 = for all l<£<fe, (10.1) 

3=1 

then 

(E4V ( %)) (E4V ( %)) = -(E4V ( %)) (e4V ( %)). 

Thus 

/ / n \ / n \\ \ / n \ 



E4V ( %) E4V (fc) (-) = - E4V^(-*) E4V ( %) 

\\j=l J \k=l // \j=l / \k=l J 

= (E4V ( %)) (e4V (j) (-*)) 

and hence ^ also satisfies (|7.2p . Let us calculate for k = 1 the corresponding tau functions. 
One finds 

T o° = Yz r °"^ = (-) |e3kr W^'(^)> r£ = -l^-W for i + j, 

3=1 
rp n 

^ = ^{-^T ]3 {z\ 

3=1 

where 

n 

r = n 7 (t (i) ,-« (i) ), 

j=l 

T,,(z fc ) = a«aj»7(t (0 , N)7(-* (i) ; [-^])7(^ W , [^ 1 ])7(-^°' ) , h** 1 )])- 
If we only keep t\ and u\ and put all higher times equal to zero, we find that 
0ij = zmij = z 2 (3ij, for i ^ j 
and that 



£(4 i) ) 2 e 2i i l ^ +2 ^ ) ^" 1 



i=l 

where (|10.ip still holds. These and /?y satisfy (|7.4p . 
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For the case that k = 2 we describe the tau functions 

\2 n 



t° -T 



( 4^ E + E 4ik T » (il)r " (Z2) 

i=i i^j 



UXf^ T '' {zi)TaM + E(-) < " M "4ik T -* l)r " fe) 

1=1 i^j 



~ \ Site / - \ Sjk 

z l\ I z 2 \ 1 



EHJ HJ (^F T - (zi)r - (22) 7' 

Z2 ~ Zl . ( —TiAz^(TiAzo\ + TtJzo)) - - 



T ^ = T \ 2(z l + z 2 ) {-TiMKTii^+Tjjizz)) - -(TjjizJ+T^Mjizz) 

+ y~] ( — - — (Tik(zi)T kj (z 2 ) +T ik (z 2 )T kj (zi)) - —T ij (zi)T kk (z2) 
rT~ ■ \ z l + z 2 *Z2 



1 

2z~i 

Z 2 ~ Zl 

2ziz 2 {zi + z 2 ) ' 



- — T kk{zi)Tij(z 2 ) 
T U = T [ o- ?7-*\ _ s (TiM)(T«(z2) - Tjj(z 2 )) + (T^-(zi) - T ii (z 1 ))T ij (z 2 )) 



+ Y] { — ; — ( — T ik (zi)T kj (z 2 ) H T ik (z2)T kj (zi) ) 



~ 7£^( T ij( z l) T kk(z 2 ) - T kk (zx)Tij(z 2 )) 

A Appendix 

In this appendix we want to proof the equations (|4.5|) <|4. lOj) . For the proof of these equations 
we need the following lemma: 

Lemma 1. 

Re Sz P(x u t,d t )e x ^(Q(x' t ,t',d' i )e-< z ) T = ^ / R j (x i ,t)S j (a/ i) lf) 

3 

if and only if 

(P(x i ,t,d i )Q(x i ,t',d i )*)_ = Y,RM,t)d7 l S J {x i ,t') 

j 

This Lemma is a consequence of Lemma 4.1 of [9]. We rewrite (|4.4[) : 

Res P +{0) (a, 0, x, t, u, z)R +{0) (a, 0, z)Q + (t, z)e x ° z (P~ {0) (7, 5,y,s, v, -z) 

z 

x iT (0) (7, 5, -z)Q~ (s, -z)e- yoZ ) T = Res (a, 0, x, t, u, z)R + ^ (a, 0, z) 

z 

x Q+(u, z)e x **(P-M (7, S, y, s, v, -z)R~^ (7, 5, -z)Q~ (v, -z)e^ z ) T . (A.l) 
First, applying the Lemma to (jA.ip gives 

(P+(°) (a, 0, x ,xi,t, u, d )R +{0 \a, /?, d )Q + (t, 9 )(P- {0) (7, 5, x Q ,y x ,s, v, do) 
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x iT (0) (7, 5, d )Q-(s, do))*)- = Res (a, p, z 0l x x , t, u, z)R +{1) (a, p, z)Q+ (tt, 2) 

z 

x e^c^p-W ( 7 , 5, x , yi, s, v, -s)iT « (7, S, -z)Q~ (v, -z)e^ g ) T . 
Now putting s = t, u = v, x\ = yi, we obtain 

(P+C°) (a, p, x ,xi,t, u, d )P- {0 \a, 0, z„, j/i, s, u, do)*)- = 0, (A.2) 

(n n \ 

P +(0) (a, 0, xo, xi, t, u, 5 )5(a )P- (0) (a - ^ e,, - ^ Cj , x , 2/1, a, v, d )* = 0. (A.3) 
3=1 j=l J - 



Since 

00 

P ±(0) (a, /3, x , sci, t, u, <9 ) = / + ^ P,- (a, P, x ,xt,t, u)d^- 



00 

>±(i), 



P ±(1) (a,/3,x ,2;i,t,M,5i) = ^a, Axcxi^it)^ K 



this implies (|4.5p . one thus also has: 

P 1 ~ (0) (a,/3,x ,2;i,s,f)' r = Pp°\a, P, x , xi, s,v). (A.4) 
If we apply the Lemma in the other way we obtain 

(P+« (a, p, x , xi, t, u, dt)R + ^(a, p, d 1 )Q+(u, ^(p-Mfr, 5, y , Xl ,s, v, dy) 

x J R~ (1) (7, 5, di)Q~(v, Si))*)- = Res P +(0) (a, p, x ,x lt t, u, z)R +{0) (a, P, z) 

z 

x Q+(t, z)e^ 2 ar 1 (P" (0) (7, *, yo, x x , s, v, -z)R~^( 1 , 5, -z)Q~ (s, -z)e~^) T . (A.5) 
Now taking s = t, u = v and yo = xq, we find 

(P+« (a, p, x ,xi,t, u, «9i)P+«(a -<y,P-6, di)P~ (1) (7, 5, x ,x u t, u, ft)*), 

= ResP +(0) (a, p, x , Xl ,t, u, z)R +i °\a--f, p-5, z)d7 1 P~ i ° ) h, 5, x , x x ,t, u,-z) T (A.6) 

z 

n 

Now choose 7 — a = ^ ej, then 
i=l 



fl + (°)(a - 7, /? - M = = S(z)- 1 . 

i=i 

Since we have assumed that (j4. 1 j) holds for j = 
I (5 — p\ = I7 — a| = n. 

n 

Now choose 5 — P = Yl e «> then (|A.5|) turns into 

i=i 

P + «(a,/3,x ,x 1 ,t,n,5 1 )5(ai) 

(ran \ * 

a + ^ej,/5 + ^ei,x ,xi,t,u,(9i j = S(0i) -1 , 
i=l i=l / 

thus we obtain (14,61). 
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Differentiate the bilinear identity (|A.lj) to tj, one obtains 



Res . 

x Q+ (t, z) e *° 2 (p-(°> ( 7 , 5, y, a, u, (°) ( 7 , 5, -z)Q" (a, -s)e-»>*f 

= Res dP^{a,^t,u,z) R+{x) 
dtf> 

x (P-W ( 7 , 6,y, s,v,-z)R-^( 7 , 6, - Z )Q~ (v,-z)e-^ z f . (A.7) 

Now using the Lemma and choosing = 7, [3 = 5, s = t, u = v and x\ = y\ this gives the 
familiar Sato- Wilson equations (|4.7p . Taking j = 1 one obtains 



7-) = [do,P +(U) {a,P,x ,x 1 ,t,u,do)\. 



i=l oz l 

n 

Return to (|A.7|) and use the Lemma in the opposite way and choosing, 7 — a = 5 — (3 = ^ e «> 

i=l 

s = t, u = v and xq = yo this gives: 



Res P +(0) (a, 0, x, t, u, z)z 3 E aa S{z)- 1 d^ 1 P' {0) ( a + e i} /3 + ^ e*, x, a, 



i=l i=l 



8t 3 



(a) 



-5(5x)P-W a + £ e ., /3 + £ e ., y, s , v, 



i=l i=l 



using (|4.6p one deduces: 



0t} 



Res ^'- 1 P +(0) (a, /3, x, u, z)P aa 5(9i)" 1 



n n 

x p-(°) ( a + ^ e i5 /3 + ^ e i5 x, a, v, -z) T S(di)P +(1) (a, /3, x, t, u,di). (A.8) 

t=l i=l 

Note that we can rewrite (|A.8j) as (|4.1Up . Since we have replaced in the wave matrices t^, by 
4 + xo, (|A.8p for j = 1 implies 

<9P+W(a,/3,x,t,u,<9i) +(0) a 

= ResP^ >(a,p, x,t, u, z)b(oi) 

oxo z 

n n 

x p-(°) (a + ^ e i5 /3 + ^ x, s, v, -z) T 5(5i)P +(1) (a, /3, x, t, u,d x ). (A.9) 
t=l i=i 

Differentiating the bilinear identity to Uj gives that 

Res dP^(a,^,t,u,z) R+(0) 
duf> 

x (P-W (7, 5, y, a, -z)P"(°) (7, 5, -z)Q~ (s, -z)e~^) 



T 



Res 



( + P +(1) («, A t, «, S J P +(1) (a, ft z) 
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x Q+(«, z)e^(p-« ( 7 , 5, y, s, v, -z)R~^ ( 7 , 5, -z)Q~ (v, -z)e~^ z ) T . 
Using the Lemma and next choosing, a, = 7, p = 8, s = t, u = v and x\ = y\ we obtain 



aP + (°)(a,/?,x,t,u,d ( 



duf 



°-)-P + ( \a,P,x,t,u,d y 



1 



= Res z j P +{1) (a, (3, x, t, u, z)E aa d^ 1 P~ {1) (a, (3, x, t, u, -z) T . (A.10) 

2 

In particular taking j = 1 one obtains 



dP«°)(a,Pxt,u,d ) p+(0) ^ ^ ^ t ^ ^ 
duf" 

= -P^ 1 \a,(5,x,t,u)E aa do 1 P, {1 \a,f3,x,t,u,) T . (A.ll) 

Since we have replaced in the wave matrices uf\ by uf 1 + x±, (jA.lip implies 

dP+(°\a,(3,x,t,u,do) 
dxi 

= -P x +(1) (a, p, x, t, u)dQ 1 P[ {1) (a, 0, x, t, u, ) T P+(°) ( a , /3, x, t, u, d ) (A.12) 



which is equivalent to (|4,9p . 

n 

Using the Lemma in the other way one deduces for 7 — a = 5 — (3 = e it that 



i=l 



dP+M[a,P,x,t,u,d{) + p+(1) ^ 



^,x,t,u,di)d{E aa S(di, 



\ 8=1 t=l / / - 

Now, using (|4.6p one deduces the Sato- Wilson equations (|4.8|> . A special case of (|4.8p . viz j = 1 
states that 

" 9P +(1) (a ,P ,x ,t ,u ,di) r D+ (i)/ o , - m 
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